Some Lemmas in Metric Geometry
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Abstract

This short note summarizes the geometry lemmas appearing in [2].!

Some Results Involving Set Distances

For the purpose of this note and for simplicity, we consider only closed subsets of metric spaces in the
following lemmas, although all these results can potentially be generalized for subsets that are open or/and
closed in the metric space.

Definition 1. Given closed subsets, A, B, of a metric space, (¥, d), we define

1. Separation between the sets:
sep(A, B) = HéiAH d(a,b)

beB

2. Hausdorff distance between the sets:

diy (A, B) = ind(a,b ind(a,b
WA B) = max (mamind(a,b) , paxminda.))

3. Diameter of a set:

diam(A) = maxd(a,a’)
a€A,
a’eA

Lemma 1. If (¥, d) is a metric space, then for any closed subsets, P,Q, R C U,
sep(P,Q) < sep(P,R) + sep(R,Q) + diam(R) (1)
Proof. Let (p*,r) € argminyep, d(p,r) (that is, p* € P, ry € R are a pair of points such that
TER

S
d(p*,r1) = min,er, d(p,r) = sep(P, R)). Likewise, let (¢*, ry) € argminqeq, d(g,r) (thatis, d(q*,ry) =
TER TER
sep(R, Q)). Then,

sep(P,Q) < d(p",q") (since sep(P,Q) = min d(p, q))

q€Q
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d(p*,ry) + d(ry,q") (triangle inequality.)
*

= Sep(P7 R) + d(rhq )
< sep(P,R) + d(ry,r9) + d(q*,r) (triangle inequality.)
= Sep(Pa R) —+ Sep(Rv Q) + d(Tth)
< sep(P, R) + sep(R,Q) + diam(R) 2)
O
Lemma 2. [f (¥, d) is a connected path metric space, then for any closed subsets, P, Q, @ Cc v,
sep(P,Q) < sep(P,Q) + dp(Q,Q) (3)

Proof.

Let (py,q*) € argmingep, d(p,q) (that is, p, €
€Q

q
P, ¢* € @ are a pair of points such that d(py,q") = od'
min pep, d(p, q)) y(w) qf
o - . . G,
Likewise, let (p;,¢*) € argmin yep, d(p,q). qo\ '& H)
eq P
Furthermore, let §' € argminq, o d(q*,q') and ¢' € ’ py
argmingeq d(q, 7%). P

Consider a shortest path, v : [0,1] — ¥, connecting ¢* and ', and parameterized by the normalized
distance from ¢*, so that (0) = ¢*, (1) = ¢' and

d(q*,7(w) = ud(q*,q) (4)

Likewise,  : [0,1] — U be the shortest path connecting ¢ and ¢*, nd parameterized by the normal-
ized distance from ¢, so that 11(0) = ¢, (1) = §* and d(¢, p(u)) = wd(q',§*). Consequently, since
p(u) is a point on the shortest path connecting ¢' and g*, we have

d(u(u),q*) = d(q",q*) —d(¢", p(w)) = (1 —w)d(q",7) (5)

Define f : [0,1] — Ras f(t) = d(pg,(t)), and g : [0,1] — Ras g(t) = d(py, u(t)). It’s easy to
note that both f and g are continuous.
As a consequence, we have the following

£(0) = d(po, ¢") = mind(p,q) < d(p1,q") = 9(0)
q€Q

9(1) = d(p1,§") = mind(p,¢') < d(po,q") = f(1)

a'€qQ
Thus, by intermediate value theorem, there exists a u € [0, 1] such that f(u) = g(u). That is,

d(pg,v(u)) = d(py, p(u)), for some u € [0, 1]. (6)



Using this we have,

mind(p,q) = d(po,q")

pEP,
qEQ

d(q*,v(u)) (triangle inequality.)
d(q*,v(u)) (using (6).)
+ d(q*,v(u)) (triangle inequality.)
= mind(p,q") + d(u(u),q") +d(q", (u))

= mind(p,¢) + (1 —w)d(¢",q) +ud(¢,q") (using (4) and (5).)
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), d(a", )

= Iréllg d(p,q') + max [ mind(q,q"), min d(q", q')) (definitions of ¢ and §'.)
P )

€@ 7€qQ

€qQ

per, 7€Q 9€Q 1€Q yeq

< Hélgl d(p,q') + max (max mind(q,q’) , max mind(q,q ))
p s
= sep(P,Q) + du(Q, Q)

Lemma 3. Suppose P, Q, R are closed subsets of a metric space, (V,d), such that

d PUQ,R P,Q) (7
in?;{gglplél@ (s,7) + dg(PUQ, R) < sep(P,Q) (7)

e

Define, ]3, @ - E such that

P={r € R| min d(s,”) =mind(p,")}, and
{r' e |sénPlL51Q (s,7") 1;)1&131 (p,7)}, an

0 ={r' € R| min_d(s,7') = mind(q,r’ 8
= e mim alsr) = mimaer) &
Then
1. {P,Q} constitutes a partition of R,

2. argmingepyg d(s,p’) C P, Vp' € P, and, argminge pg d(s,q') € Q, Vq' € Q.
. N / / D . A / / A
(consequently, sglPlLrJlQ d(s,p") = min d(s,p"), Vp' € P, and, sénPISQ d(s,q") = IsIélél d(s,q"), ¥q' € Q.)
3. argmin , _zd(p,r") C P, Vp € P, and, argmin_zd(q,7") CQ, Vg € Q.
(consequently, min d(p,r’) = min d(p,r’), Vp € P, and, min d(q,7") = mind(q,r"), Vq € Q.)
rER r'eP TER req

4. dy(P,P) <dg(PUQ,R), dp(Q,Q) <dy(PUQ,R),



and, max (dg (P, P), di(Q,Q)) = dy(PUQ, R).

5. If (¥, d) is a connected path metric space, then sep(ﬁ, @) > sep(P,Q) —2dg(PUQ, E)

If the above holds, we say “Risa separation-preserving perturbation of P and Q”, and call {ﬁ, @} to
be the “separation-preserving partition of R”.

Proof.

1. We first prove that { P, Q} constitutes of a partition of R.

Proof for PUQ = R: For a fixed r’ € R, an element of argmin. pug d(s,r") is either
in P or in Q. In the former case the point 7’ will belong to P, while in the later case it
will belong to @ (with the possibility that it belongs to both) due to the definition (8).
Thus there does not exist a point 1’ € R that does not belong to either Por @

Proof for PN CNQ = (): We prove this by contradiction. If possible, let p/ € PN @
Since p’ € P, due to definition (8), there exists a p; € P such that min pug d(s,p') =
d(py, p'). Likewise, there exists a ¢ € @ such that mingep g d(s, p') = d(qy, ).
Thus,

d(p1,0") + d(q1, ")

d(p1,q1) (tringle inequality.)
migl d(p,q) (since p; € P, q; € Q.)

pE

2 min_d(s, o/
ufiy @)

ALY,

9€Q
= 2 m dle ) > min el
ne i (s,77) > gq%%l (P )
= max min d(s,”) + dg(PUQ,R) > sep(P,Q)

r'eR SEPUQ
This contradicts the assumption (7) of the Lemma. Hence there cannot exist a p e ]Sﬁ@
Thus PNQ = 0.
2. We next prove argmin,e p,q d(s,p’) C P, Vp' € P. We do this by contradiction.

If possible, suppose there exists a p’ € P such that argminge pp d(s,p’) € P. Then there
exists a ¢ € @ such that mingcp d(s,p’) = d(q,p’). But d(q,p’) > mingqd(s,p’) >
minge pyg d(s, p’). This implies minge pyg d(s,p’) = mingep d(s, p’). Due to definition of Q
in (8) this implies p’ € C~2 However, we have already shown that Pn @ = (). This leads to a
contradiction. Thus argminc p g d(s,p’) C P, Vp' € P.

Likewise we can prove argmin,c pq d(s,¢') C Q, V¢’ € Q.

3. We next prove argmin,, . d(p, r’) C P, Vp € P. We do this by contradiction.

If possible, suppose there exists a p; € P such that argmin , _z d(ps, ") & P. Then there exists a
p' € Q such that min,,_ d(ps, ') = d(ps, p').



Again, due to the definition of @ in (8), for any p/ € Q there exists a g3 € Q such that d(gs,p') =
minge pug d(s, p).

Thus,
mind(ps,r') + min d(s,p') = d(ps,p) + dlgs, )
r"eR PUQ
> d(ps,qs3) (tringle inequality.)
> mind(p,q)  (sincep; € P gz € Q.)
2€Q
= max mind(s, r)+max min_d(s,r’) > mind(p,q)
s€PUQ r1eR r'eR S€PUQ pee
= dy(PUQ,R) + max min d(s,) > sep(P,Q)
r'eR SEPUQ

This contradicts the assumptlon (7) of the Lemma. Hence there cannot exist a p; € P such that
argmin,, = d(ps, 7 'Y ¢ P. Thus argmin e d®T " C P, Vp e P.

Likewise we can prove argmin, 5 d(q,r") C Q, Vq € Q.
. Since argmin,e p g d(s,p") € P, Vp' € P, we have minge pyg d(s,p’) = minyep d(p, p'), Vo' €
P. Thus, max 5 min,cp d(p,p') = max 5 Minge pug d(s,p').

Likewise, since argmin , 5 d(p,r") C 13, Vp € P, we have
max,ep min , 5 d(p,p') = max,cpmin ,_zd(p,r).
Thus,

dy (P, ﬁ) = max (maxmlnd(p, ", magmind(p,p'))

PEP pep p'eP PEP
= max | maxmind(p,r’), max min d(s,p’) )
PEP 1cR p'eP s€PUQ

< max [ max mind(s,7’), max min d(s,r’) (since PC PUQ, PCR.)
s€PUQ p1c R +eR SEPUQ

= dy(PUQ,R)

Similarly we can show,

dH(Q,QV) = max(maxmlnd(q, Y, max min d(s, q)) (10)

qEQ reR qu SEPUQ

< dy(PUQ,R)

Again, from (9) and (10),

max <dH(P, ﬁ),dH(Q,QD = max (maxmin d(p,r") , maxmind(q,r’),
PEP e 9€Q reR



max min d(s , max min d(s
pePSGPUQ ( p) quSEPUQ ( q)>

= max | max mind(p,r’), max min d(s
(pEPUQTeR (p ) p'ePUQ SEPUQ ( p)>

= dH(PUQ,R) (since PUQ = R)

5.
Sep(ﬁ, Qv) > Sep(P, Q) —dy(Q, QV) (using Lemma 2.)
> sep(P,Q) — dg (P, P) — dy(Q,Q) (using Lemma 2.)
> sep(P,Q) —2dy(PUQ,R)

(since dg (P, P) < dy(PUQ,R) and dy(Q,Q) < dy(PUQ,R).)

Corollary 1. If P, Q, R are closed subsets of a metric space, (U, d), such that d i (PUQ, é) < % sep(P, Q),
then Ris a separation-preserving perturbation of P and Q).

As a consequence, the separation-preserving partition, {I5 , @} of R as defined in (8) satisfies prop-
erties ‘1’ to ‘4’ in Lemma 3, as well as property ‘5’ (if (¥, d) is a connected path metric space) with an
additional inequality:

sep(P,Q) > sep(P,Q) —2dy(PUQ,R) > 0

Proof. The result follows directly from Lemma 3 by observing that

max min d(s,7) + dgy(PUQ,R) < 2dy(PUQ,R) < sep(P,Q)

reR sEPUQ
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