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ABSTRACT
Quadruped walking robots need to handle high obstacles

like steps that are often not kinematically reachable. We present
a dynamic leap that allows a quadruped robot to put its front legs
up onto a high rock or ledge, a motion we have found is critical
to being able to locomote over rough terrain. The leaping mo-
tion was optimized using a simulated planar quadruped model.
We present experimental results for the implementation of this
optimized motion on a real quadruped robot.

1 Introduction
Quadruped robots must be capable of locomoting over a

wide variety of terrain including high steps and ledges. Such ob-
stacles present a significant challenge since they are often kine-
matically difficult for the robot to overcome. Step climbing is in
particular an important skill for walking robots in urban environ-
ments. Current approaches to step-climbing for walking robots
fall into two categories, statically stable or quasi-static gaits and

∗Address all correspondence to this author

dynamic gaits.

Dynamic gaits have been extensively used for obstacle and
stair climbing in robots with compliant legs like the SCOUT [1,
2] and RHex robotic platforms [3]. These robots are capable of
true leaping behavior since the compliance in the legs can be
used to store energy for subsequent release to initiate leaping.
However, for high steps, RHex reverts back to using a simpler
non-dynamic gait that moves the robot slowly over the steps.

Design, mathematical modeling and control of running and
galloping gaits for quadrupeds have been studied extensively in
the past [4, 5, 6]. Similar investigations have been made for
bipeds [7, 8]. However such gaits have been designed primarily
for flat terrains or terrains with moderate undulations. In order to
negotiate with terrain features like steps and barriers, or terrains
with certain level of uncertainties, the need of a more aggressive
dynamic behavior is indispensable.

There is a long history and extensive literature on quasi-
static gaits for quadrupeds and hexapods demonstrating re-
markable abilities to negotiate rough terrain using quasi-static
gaits [9, 10, 11]. The gaits are crawl gaits where three or more
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legs are in contact with the ground forming a stable polygon of
support. The robots can negotiate obstacles on the scale of the
robot itself. The requirement for the gaits to be quasi-statically
stable, however, results in a slow and unreliable execution, espe-
cially for very high steps.

A quasi-static sequence is often used to climb onto a step.
For obstacles that are almost as high as the robot itself, the place-
ment of the front feet on the step in this manner involves putting
one front foot up on the step followed by the other. Kinematic
reachability constraints limit this motion significantly and the
overall motion of the robot is slow and unreliable. Further, the
intermediate position with one foot at the base of the step and
the other on the top of the step is a very awkward position for the
robot to be in and limits the range of motion of the body.

In this work, we focus on designing a dynamic leaping mo-
tion to get the front feet onto the top of the step. Our focus on this
particular part of the problem (of climbing onto a high step) is
motivated by the difficulty in executing this motion using quasi-
static gaits for a quadruped. We use a simplified planar model of
the quadruped to develop the leaping behavior. The leap is then
optimized to be able to step up onto a very high step. We also
present experimental results from the implementation of the leap-
ing behavior on an experimental platform called LITTLEDOG.
This platform is manufactured by BOSTON DYNAMICS and is
described in Section 2.

The simplified planar model developed here for optimiza-
tion of the leaping behavior is similar to that defined for under-
actuated robots like the Acrobot [12]. The Acrobot is a two-link
robot with a single actuator. Swing-up control of the Acrobot is
achieved by exploiting the coupling between the two links. Our
system is similarly underactuated and the dynamic coupling be-
tween the various parts of the system helps in driving it in the
desired manner.

This paper is organized as follows. In Section 2, we present
details of the Littledog robot used as the experimental platform
for our research. A simplified planar dynamic model for the robot
is discussed in Section 3. The design of the leaping behavior is
presented in Section 4. Section 5 discusses the optimization of
the behavior. Results from the implementation of the behavior
on the experimental platform are presented in Section 6.

2 Experimental platform
The quadruped robot used as an experimental platform for

this work is called LITTLEDOG (Figure 1) manufactured by
Boston Dynamics Inc. The robot has four legs with three joints
in each leg and can be powered either by onboard batteries or
an external power system. Communication is through a wire-
less 802.11b connection with a host computer. Onboard sensing
includes a three-axis accelerometer, gyroscopes and three-axis
force sensors at the bottom of the feet.

The three joints in each leg are shown in Figure 1. The first

Hip RX

Hip RY

Knee RY

Figure 1. The LITTLEDOG robot

Figure 2. The VICON motion capture system used for ground truth.

two joints form the hip of the leg and allow motion about the X
and Y axis while the third joint represents the knee motion about
the Y axis.

The experimental setup includes a VICON motion capture
system (Figure 2). This system consists of 6 high speed cameras
operating at about 100 Hz. A set of reflective markers on the
robot allows the system to track the position and orientation of
the robot with sub-millimeter accuracy. We use this system for
ground truth measurements to validate the experimental results
against the simulated results.

3 Modeling and Simulation
3.1 Two dimensional abstraction

For developing a two-dimensional model of the LITTLE-
DOG robot we exploit the fact that the robot is symmetrical
about the sagittal (XZ) plane. The two-dimensional abstraction
is shown in Figure 3. Links 1 and 2 constitute the hind leg, and
links 4 and 5 constitute the front leg. Link 3 represents the body
of the robot. The lengths of these links are the same as those in
the actual robot. Note that splitting the 3D robot by the vertical
XZ plane results in splitting the body into two while the legs on
each half stay the same. Hence, the legs of the 2D abstracted
model have the same mass as the legs in the actual robot, but
the mass of the body of the abstracted model is given by half the
body mass of the actual robot. The mass of the body of LITTLE-
DOG is 2.240 Kg, and so m3 = 1.120 Kg (see Appendix).
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Figure 3. The 2D model of the Littledog robot

Figure 3 shows the 2 dimensional abstraction of the LITTLE-
DOG robot. In our model, we assume that the hind foot is hinged
to the ground at the heel (the origin in Figure 3). This is a real-
istic assumption for the particular problem under consideration,
as described in Section 4.1. The 2D abstracted model has one
unactuated joint (Joint 1) and four actuated joints (Joints 2 to 5).
As shown, the configuration of the robot can be represented by
the 5 joint angles θ1,θ2,θ3,θ4 and θ5.

3.2 Dynamic model
We assume that there is no frictional resistance in the indi-

vidual joints. We assume that the hind foot can stay at the same
point on the the ground (i.e. the point of the hinge). On the other
hand, we assume that no horizontal frictional forces act on the
front foot when it is on the ground. These assumptions will be
partly justified by the choice of strategy used for performing the
leap (discussed in Section 4.1).

The ground is situated at the y = 0 line and passes through
the origin. We assume that initially the front legs of the robot are
touching the ground. We identify two states of the robot: The
state when the front foot is touching the ground, and the state
when the front foot is above the ground. We represent these two
states using the parameter κ, which can assume the values 0 or 1
depending on the state. Thus,

κ =
{

1 , if the front foot is in contact with the ground
0 , if the front foot is above the ground

The leaping motion involves the robot starting off from the state
κ = 1, and once it leaves the ground (i.e. switches to the κ = 0
state) it does not come back to the state κ = 1. We are primarily
interested in the flight phase of the leap. The switch from the
κ = 1 state to the κ = 0 state happens when the reaction force at
the front foot becomes zero.

3.3 Constraints
Let the position vector of the front foot (i.e., the end effector

of the link) be given by p. Then we can write,

p =

(
5

∑
i=1

li cos
( i

∑
j=1

θ j
))

e1 +

(
5

∑
i=1

li sin
( i

∑
j=1

θ j
))

e2 (1)

where li is the length of the ith link (see Appendix for the numer-
ical values of the lengths), and θi is the joint angle as shown in
the figure (measured counter-clockwise). e1 and e2 are the unit
vectors along the horizontal and vertical axes directions respec-
tively. We define F = Fxe1 +Fye2 to be the reaction forces acting
at the front foot, p.

Let u1 and u2 be the unit vectors along the direction of the
ground and the normal to the ground at the point of contact of
the front foot. Define the normal reaction at the front foot as
FN = F ·u2. The tangential component, F ·u1, is always zero
since we assume the absence of frictional resistance at the point
of contact of the front foot.

When the front foot is in contact with the ground in the state
corresponding to κ = 1, it cannot penetrate the ground. Further,
in the state corresponding to κ = 0, the normal reaction on the
front foot is zero. These two constraints can be written as,

ṗ ·u2 = 0 , when κ = 1
FN = 0 , when κ = 0 (2)

When κ = 1, the front foot touches the ground, but is allowed
to slide along the ground without any frictional resistance. We
assume that u2 is a constant vector when κ = 1, i.e., the ground is
plain around the initial position of contact of the front foot. Note
that Equations (2) can be written as complementary constraints
[13]. But for the purpose of this paper, this explicit enumeration
of states (κ = 0,1) will suffice.

3.4 Lagrangian
We now define the Lagrangian for the abstracted 2-D model.

The position of the center of mass of the qth link is given by,

cq =

(
q

∑
i=1

li cos
( i

∑
j=1

θ j
)
+

lq
2

cos
( q

∑
j=1

θ j
))

e1

+

(
q

∑
i=1

li sin
( i

∑
j=1

θ j
)
+

lq
2

sin
( q

∑
j=1

θ j
))

e2 (3)

The kinetic energy of the system is given by,

K =
5

∑
i=1

1
2

miċi · ċi +
5

∑
i=1

1
2

Ii
( i

∑
j=1

θ̇i
)2

(4)
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where mi is the mass of the ith link and Ii is its moment of inertia
about the center of mass (see the appendix for the numerical val-
ues of the inertial properties), and the potential energy is given
by:

V =−
5

∑
i=1

mig · ci (5)

where g = −ge2 is the acceleration due to gravity. The La-
grangian of the system is,

L = K−V (6)

3.5 Equations of motion
The 5 equations of motion (i = 1,2,3,4,5) are given by,

d
dt

(
∂L
∂θ̇i

)
− ∂L

∂θi
− τi−FN

∂ṗ
∂θ̇i

·u2 = 0 , when κ = 1

d
dt

(
∂L
∂θ̇i

)
− ∂L

∂θi
− τi = 0 , when κ = 0

(7)

Equations (2) and (7) can be combined to write the equations
defining the motion of the system concisely (for i = 1,2,3,4,5)
as follows,

(1−κ)FN +κṗ ·u2 = 0
d
dt

(
∂L
∂θ̇i

)
− ∂L

∂θi
− τi−κFN

∂ṗ
∂θ̇i

·u2 = 0 (8)

3.6 Simulation
Equation (8) consists of a total of 6 equations. The un-

knowns include FN and a combination of θi’s and τi’s depending
on whether are we commanding the joint angles or joint torques.
However, in simulation, we will be providing torque commands
for all the joints. Hence the quantities that need to be solved
using the equations (8) are FN ,θ1,θ2,θ3,θ4 and θ5. The state
variables are [θ1,θ2,θ3,θ4,θ5 θ̇1, θ̇2, θ̇3, θ̇4, θ̇5], and the system of
differential-algebraic equations are integrated using an implicit
integration scheme.

Note that u2 is present in the equations (8) only for κ = 1.
For κ = 1 the value of u2 remains constant and is equal to the
direction normal to the ground. In the simplest case, u2 = e2
when the ground is parallel to the horizontal axis.

We start the simulation in the state corresponding to κ = 1
and a configuration where the front foot is touching the ground.
We assume θ̇i = 0 at t = 0. The simulation switches from κ = 1
to κ = 0 when FN ≤ 0 and remains in the state with κ = 0 after
that.

4 Control for a dynamic leap
4.1 Approach

In the dynamic leap, our objective is to use the hind foot/heel
as a pivot point to lift up the body and the front leg. We start by
defining a favorable initial condition (Figure 4) in which most of
the body weight is carried by the hind legs and the front legs carry
very little load. A large torque is then applied on the hind hip
while stretching out the hind knee and simultaneously lifting up
the front feet to complete the leap. Once the front leg is above the
ground it does not play a significant role in the leaping control,
although the inertia forces corresponding to motion of the front
leg do influence the trajectory. We pull the front leg in to avoid
collision with any obstacle lying ahead over which we want the
robot to leap. The hind hip is torque controlled to track a desired
torque profile while the other joints are controlled to track desired
joint trajectories.

The strategy for the leap and the initial condition thus cho-
sen explain our assumption about the reaction forces at the front
and hind feet. The initial configuration ensures that most of the
robot’s body weight is concentrated at its hind foot, and only a
very little weight is placed at the front foot. The normal reaction
at the front foot will be much less compared to that at the hind
foot, and hence so will be the frictional force. Thus our assump-
tion that the robot is pivoted at the hind foot is justified.

4.2 Controller specifications
Joint 1 is unactuated and hence τ1(t) = 0 for all t. The con-

troller specified a desired torque profile τ3(t) for joint 3.
The desired torque for joints 2, 4 and 5 are obtained through

a Proportional and Derivative (PD) controller. Because the joint
torques are limited, a simple saturation model is used to imple-
ment the PD controller in simulation. Thus, the PD control law
for i = 2,4,5 is given by,

τi = max

{
min

{
kp(θd

i −θi)+ kd(θ̇d
i − θ̇i),τmax

}
,τmin

}
(9)

where kp and kd are the proportional and differential gains re-
spectively; τmin and τmax are the lower and upper limits of the
torques that the motors can apply. In both experiments and sim-
ulations, we used kp = 6.0 and kd = 0.3. The PD controller used
for simulation, however, is different from the actual controller on
the robot (as explained in Section 6.4) whose details are propri-
etary and not known.

4.3 Initial conditions
The initial configuration (Figure 4) is given by θ =

(1.39,1.31,3.67,4.29,1.05). It is easy to show that in this con-
figuration the reaction force at the hind foot is about 10.40 N,
whereas the reaction force at the front foot is about 4.32 N. A
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Figure 4. Initial configuration of the robot

majority of the weight is thus carried by the hind foot in the ini-
tial configuration allowing the front foot to be easily lifted off the
ground.

The initial joint velocities are chosen to be zero since the
robot starts the leaping motion from rest in the initial configura-
tion.

4.4 Torque and angle profiles

Figure 5 show typical profiles used for τ1, τ3, θd
2 , θd

4 and
θd

5 .These are example profile defined by several parameters that
we will now discuss in detail. The optimization procedure out-
lined later will be used to optimize the leap over this set of pa-
rameters.

Although the plots in Figure 5 show the profiles for t from
0 to 0.7 seconds, experiments and simulations show that the leap
occurs within the first 0.2 seconds. The remaining part of the
profiles do not contribute significantly towards the procedure of
leap. In subsequent plots, we will highlight the first 0.2 seconds
of the motion. The desired profiles are specified by the following
equations:

τ1(t) = 0
τ3(t) = f (t,µ1,3,µ2,3,σ1,3,σ2,3,H1,3,H2,3,h1,3,h2,3)
θ2(t) = f (t,µ1,2,µ2,2,σ1,2,σ2,2,H1,2,H2,2,h1,2,h2,2)
θ4(t) = f (t,µ1,4,µ2,4,σ1,4,σ2,4,H1,4,H2,4,h1,4,h2,4)
θ5(t) = f (t,µ1,5,µ2,5,σ1,5,σ2,5,H1,5,H2,5,h1,5,h2,5)

(10)

where f defines a 8-parameter family of plateau-like profiles.

The key parameters used to describe f are the following:

f (t,µ1,µ2,σ1,σ2,H1,H2,h1,h2) =
h1 +(H1−h1)e

−( t−µ1
σ1

)2
, if t < µ1

H1 +
(

H2−H1
µ2−µ1

)
t , if µ1 < t < µ2

h2 +(H2−h2)e
−( t−µ2

σ2
)2

, if µ2 < t

The profile and the parameters are illustrated in Figure 5 (c). This
class of desired profiles can approximate Gaussian and square
impulses, step functions, smooth ramps and constant profiles rea-
sonably well.

5 Optimization
The total number of parameters defining the initial config-

uration as well as the profiles for torque and desired angles is
36. The optimization procedure involves reducing the parame-
ter space to a more manageable size and optimizing to find an
optimum leaping behavior.

We used MATLAB’s Optimization toolbox [14] to perform
the optimization. Our optimization objective function is non-
convex and non-smooth, but continuous in the parameters. The
Optimization toolbox’s fmincon is capable of handling such op-
timization problems, although it does not guarantee a global op-
timum. In practice, we found that solutions generated in this
manner using the simulated model translated very well onto the
actual robot.

5.1 Reducing the parameter set
To reduce the computational complexity of the problem, we

chose to reduce the parameter set to a few critical parameters.
The chosen parameters and their brief interpretations are listed
below:

p1 ≡ µ1,3 → The time at which the peak
torque value is reached at joint 3.

p2 ≡ σ1,3 → The rise time to the peak torque
from the initial value at joint 3.

p3 ≡ H1,3 → The peak value of the torque
reached at joint 3.

p4 ≡ µ1,4 = µ1,5 → The time at which the front leg
starts moving to pull itself back
and subsequently stretch out.

5.2 Optimization objective
The obvious objective is to reach as high as possible with

the front foot. Hence we would like to maximize the maximum
height (hmax) attained by the leap. However, we would like to
be able to negotiate steep obstacles, ie obstacles like steps that
have a sharp rise in height over a very small horizontal distance.
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Figure 5. Typical torque and joint angle profiles used in the simulations and experiments
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Figure 6. Objectives in a leap

Hence we also want to minimize the X-coordinate of the highest
point in the climb (xm). Another important criterion is to design
trajectories that the onboard controller on the actual robot can
track easily. Thus, we choose to maximize tm, the time required
to reach hmax. Slower motions are easier to implement by the
onboard controllers without saturating the joint actuators.

We construct the optimization objective by combining these
three distinct criteria. The optimization problem can be written
as,

min
p1,p2,p3,p4

−h2
maxt

0.2
m

xm

The weights for hmax and tm were chosen to give more importance
to hmax and less importance to tm.

6 Results
6.1 Case I: Unoptimized leap

An initial controller was first designed using a experimen-
tally tuned set of values for the parameters for the desired torque
and joint profiles. We used the following numerical values of the
parameters to run the simulation as well as the experiment:

µ1,3 = 0.28,µ2,3 = 0.45,σ1,3 = 0.40,σ2,3 = 0.30,
H1,3 = 3.40,H2,3 = 3.40,h1,3 = 0.50,h2,3 =−0.13;
µ1,2 = 0.45,µ2,2 = 0.45,σ1,2 = 0.10,σ2,2 = 0.50,
H1,2 = 0.39,H2,2 = 0.39,h1,2 = 1.31,h2,2 = 1.31;
µ1,4 = 0.15,µ2,4 = 0.60,σ1,4 = 0.01,σ2,4 = 0.01,
H1,4 = 4.19,H2,4 = 4.19,h1,4 = 4.29,h2,4 = 4.29;
µ1,5 = 0.15,µ2,5 = 0.60,σ1,5 = 0.01,σ2,5 = 0.01,
H1,5 = 2.09,H2,5 = 2.09,h1,5 = 1.15,h2,5 = 1.05;

The initial configuration was given by θ =
(1.39,1.31,3.67,4.29,1.05), θ̇ = (0,0,0,0,0). The results
obtained using these parameter values are summarized in Figure
7 and by the simulation snapshots shown in Figure 8.

6.2 Case II: Optimized leap
We performed the optimization procedure over the following

bounded set of parameters:

p1 ≡ µ1,3 ∈ [0.05,0.40]
p2 ≡ σ1,3 ∈ [0.05,1.00]
p3 ≡ H1,3 ∈ [1.00,3.40]
p4 ≡ µ1,4 = µ1,5 ∈ [0.05,0.20]

It can be noted that in the particular case of p3, the choice of the
upper limit of 3.4 was motivated by the fact that the maximum
allowable torque for the joint is about 3.4 N-m. The rest of the
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Figure 7. With unoptimized parameters: Comparison of simulated and experimental torque profiles, angle profiles and front foot trajectory

ranges were chosen around the values that were used for the un-
optimized leap. The values for all the other parameters were the
same as those used in the unoptimized leap.
The optimization procedure returned the following optimized
values for the parameters: µ1,3 = 0.3790,σ1,3 = 0.6853, H1,3 =
3.4000,µ1,4 = µ1,5 = 0.0564

The plots in Figure 9, the experimental snapshots in Figure 11
and the simulation snapshots in Figure 10 summarize the results
obtained with these optimized parameters. A video demonstrat-
ing the leap to climb a short step can be found at [15].

6.3 Discussion

The success of optimizing over the chosen set of parameters
becomes quite evident by comparing the plots in Figure 7 with
those in Figure 9. However for better clarity and comparison we
present the plots in Figure 12 comparing the unoptimized and
optimized trajectories of the front foot. The height and the range
achieved by the front foot is larger with optimized parameters
than with the unoptimized parameters (for both experiments and
simulation).
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(c) Simulated torques.
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(d) Experimental torues.
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(e) Trajectory of front foot in simulation.
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(f) Trajectory of front foot in experiment.

Figure 9. With optimized parameters: Comparison of simulated and experimental torque profiles, angle profiles and front foot trajectory

6.4 Comparison of simulated and experimental re-
sults

As noted earlier, the simulated model is an approximation.
The simulation does not take into consideration any frictional
resistance because of friction in the joints. Further, it does not
incorporate a dynamic model for the actuators.

The contact between the foot and the ground is hard to sim-
ulate. We assumed that there is sufficient friction between the
hind foot and the ground so as to keep the robot pivoted at the
hind foot. We also assumed absence of any frictional force at

the contact of the front foot and the ground. This hypothesis was
inspired by the fact that in the initial configuration most of the
robot’s body weight is concentrated at its hind foot, and only a
very little weight is placed at the front foot. Hence the normal
reaction at the front foot will be much less compared to that at
the hind foot, and so will be the friction force.

There is a difference between the implementation of the PD
controllers in simulation and the implementation on the robot.
This explains the differences between the torque profiles in sim-
ulation and experiments for joints 2, 4 and 5. The commanded
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Figure 8. Snapshots from the simulation showing the leap performed
with unoptimized parameters
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Figure 10. Snapshots from the simulation showing the leap performed
with optimized parameters
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Figure 11. Snapshots from the actual experiment performed on the LIT-
TLEDOG robot with optimized parameters
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(a) Trajectory of front foot in simulation.
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(b) Trajectory of front foot in experiment.

Figure 12. Simulated and experimental trajectories with unoptimized
and optimized parameters

torque profiles for joint 3 were the same for both simulation and
experiment, but the actual profiles were slightly different. This
could be due to noise in the controller that controls the torque
going to the motor.

In spite of the differences, the simulation model and opti-
mization method has proved to be quite effective in finding a
good set of parameters for the leap.

6.5 Complete Gait
To complete the motion of climbing onto the step, the hind

legs are brought up onto the step as well using a quasi-static gait.
Starting from the initial position with the front legs on the top of
the step, the robot moves forward on its front knees until the hind
legs are closer to the step. The robot then folds the hind legs up
and places the hind feet onto the top of the step and then moves
forward a small distance using a crawling gait. Thus the robot
achieves its desired goal of completely climbing onto the step.
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7 Conclusion
We have presented an approach to designing a dynamic leap

for a quadruped robot. The leap was designed for the LITTLE-
DOG quadruped robot which has limited dynamic capabilities.
Using a combination of this leap and a quasi-static gait, the robot
is able to climb up onto a high step. The leap was optimized by
choosing a particular parameterization of the inputs. The opti-
mization resulted in the ability to leap higher and farther. The
use of a simplified model was of significant help in developing
the optimized gait. Although this gait was developed for a partic-
ular robot, the general approach can be extended to other walking
robots.

The dynamic leap forms an important part of our strategy to
be able to negotiate rough terrain at high speeds. We have found
that getting up onto the terrain plays an important role in being
successful in this task, especially when the obstacles are steep
(like high steps). Other approaches to designing dynamic gaits
for LITTLEDOG include the use of learning techniques. We are
currently exploring the use of such techniques to develop better
gaits to negotiate rough terrain.

8 Appendix
Dimensions and masses of the links of the two dimensional ab-
straction of the LITTLEDOG robot:

Link, i Mass, mi (in Kgs) Length, li (in m)
1 0.095 0.1027
2 0.095 0.0751
3 1.120 0.2030
4 0.095 0.0751
5 0.095 0.1027

Moment of inertia of links 1, 2, 4 and 5 (about their center of
masses) are computed as Ii = 1

12 mil2
i , i = 1,2,4,5. Moment of

inertia of link 3, the body, (about its center of mass) is computed
as I3 = 1

12 mi(l2
i +h2), where h = 0.143 is the height of the body.
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