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ABSTRACT

In this article mechanical waves propagating through a string restricted to move in a two-dimensional plane has been

investigated and a wave equation of a more generalized form has been setup and some interesting observations have
been made.


mailto:subhrajit83@yahoo.co.in
mailto:subhrajit_02@mech.iitkgp.ernet.in

1. INTRODUCTION

Disturbances produced in a string under tension can be described by wave equation. Here we
deal with disturbances due to which the particles of the string move in a two-dimensional plane
(a plane containing the undisturbed string and a line perpendicular to it).

The wave equation formed with the assumption of 1) vertical oscillation of particles of the string,
i1) Poisson's ratio = 0, iii) the oscillations are small, and iv) cross-sectional area and mass per
unit length remains constant even when the string is deformed : is
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In this paper we take the consideration of the following points to get a more generalized form of
the wave equation:

1) The particles of the string can perform motion in any direction on a two dimensional (x-y)
plane. Thus we need a parametric equation to describe the shape of the string at an instant.
(Unlike in standard wave equation where y can be expressed as a function of x). Hence,
transverse waves (f; = 0) and longitudinal waves (> = 0) can be unified to a pair of generalized
wave equations

i1) No assumptions of small oscillations are done. The oscillations can be of any magnitude.
ii1) The material has a particular Poisson's ratio 'p'. When disturbances propagate through the
string different tensions exists at different parts of the string. Hence the cross-sectional area of

the string changes. Thus the mass per unit length becomes different at different parts of the
string.

Notations:

J7n Mass per unit length of the un-stretched string,

/ Un-stretched length of the string,

Ay Cross-sectional area of the un-stretched string,
p Poisson’s ratio for the material,

Y Young’s modulus for the material,

i, ] Unit vectors along X and Y directions.

Bold letters denote vectors.
All other mathematical symbols are in italics.

List of captions for illustrations:

1. fig-1: Path of motion of a particle initially at a distance ' e ' from one end of the un-stretched string of length ' | '.
2. fig-2: Deformation and displacement of an element of un-stretched length 'de' due to forces.

3. fig-3: Orientation of an element and moment due to forces acting on it.

4. fig-4: Un-stretched string and stretched string with no disturbances propagating through them.



2. SETTING-UP A WAVE EQUATION

2.1. Definitions for starting the problem:

As a disturbance propagates through the string, the particles on the string perform motions. As
shown in fig-1, the particle initially at a distance ' e ' from one end of the un-stretched string of
length ' /' performs motion along the shown path.
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The length of initial un-stretched string is ' /.

Definition of 'e ". A particle of the position ' e
on the string is defined by the distance of the
particle from one end of the un-stretched string.

Let, Position of 'e'attime't' =(X,y)
=fle. V)
=(file. ). fr(e. 1))

Hence,
x=f (et) }

1
y:fz(eat) ( )

A differential element of length ' de ' on the un-
stretched string becomes element of length ' dl '
at the position (x, y) = (f;, f2) at a particular
instant 't .

Hence, at that instant,

dl =\dx* +dy*
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Assuming the validity of Hook's Law,

Stress on the element of un-stretched length ' de ' of position' e ' at an instant ' 7' (i.e. element at

(x, ¥)) is,
o(e,t) =Y-(dl—de)/de

ey o
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[Using equation (2)]

where, Y = Young's Modulus

Let Poisson's ratio for the material be ' p '

If' 4)' is the uniform cross-sectional area of the un-stretched string,

and the cross-sectional. area of the element of un-stretched length ' de ' of position ' e ' at time ' ¢'
is 'A', then,

_ Adj4,
P= = de)/de
Hence,
A=A4,+AA
4
:A{l+§a(e,t)j @

[Using equation (3)]

2.2. Determination of tension in the element of un-stretched length * de * of position ' e * at
time't":

Tension vector T(e, 7) as shown in fig-2 is given by,

T=0cAu (5)
where, U is the unit vector along T .

We have already got expressions for 4 and ¢ in terms of e & 7. Now we'll find u.
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As shown in the above figure, T makes an angle @ with the tangent at the point.



Considering moment of forces about the point C,

0°0 T
ot 1
where, I = Moment if inertia = 15 dm. dlz,

7= Torque acting about the point C, and

Again, 6 =tan - —y = tan - 7f2 7f2 = a finite quantit
q Yy
dx Oe Oe

Therefore,
2

7= 0 f 1
ot

(2 amar)

2
o [Txd|= {ztfj(g dm dI* )

2
or, T.dl.sin¢=(2 ej(g dmdl’)

t2

20\ L dmdl
Hence, sing= 00 54m
ot’ T

Hence @ is a differential of order 2 (since the term 'dm dI' is present in the expression of sin @)
Therefore, we take @=0 for further calculations. i.e. we assume that T acts along the tangent of

the curve.

Hence,

unit vector along T at a particular instant 't'
= unit vector along the tangent at a particular instant 't
=u

— (dx-i +dy'j)/(iq/dx2 +dy? )

Hence,
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Now, substituting the expressions for g, 4 and U from (3), (4) & (6) into the expression of T in
(5), and doing some simplification, we get the expression for T as,

"\ (o) oY (oY |[or. o .
T:iAOY‘ 1+p i + L —11l-11-1 i + L '£|+£J (7)
Oe Oe Oe Oe Oe Oe
For ease of calculations the following substitutions are done,
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Now differentiating T w.r.t. e we get,
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2.3. Forming the wave equations:
Please refer to fig - 2.

We consider a small element of un-stretched length ' de ' of position ' e '. If the mass per unit
length of the un-stretched string be u, then mass of the elementis  dm = yy de .

Now, by Newton's Second Law,
ov

=a
ot
where, a = acceleration of the centre of mass of the element
1 oT
=——-+—-de
dm Oe

T . . .
[ 2— de 1s the resultant force on the element at a particular instant (see fig-3)]
e




Again,

VvV = %| + %J
ot ot
Hence, combining the above three we get,
oT o’ f, . 0°f, .
- = 1+ 9
de ”‘{aﬁ o ) ®)

dm . : .
where, 1, = d_m is the mass per unit length of the un-stretched string.
e

Combining (8) & (9) we get the wave equation :

o 2 +%_82f2 o o' f ﬁiz.azfz
o’ f, . O°f, . _ o’ f,. O°f, . de 0e* de O de 0e* Oe oe
atzl i+ atzzj = +u,' A,Y| hyh, —8e21 I+—6e221 +hhyp| It |t hyhy | ez < : e%
J(aflj +m [m [%N

v - + v =

Oe Oe Oe Oe

) (10)
where,
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Note that this is a second order vector differential equation. Thus we actually obtain two second
order differential equations in which the unknowns are the functions f; and f,. These two
functions completely define the motion of the particles on the string.

Thus we attempt to solve for f; and 5.




2.4. Boundary conditions:

1) Initial deformation of the string:
file, 0) = L(e) &  fie 0)=wyle)

i1 ) Initial velocity of the particles:
0 0
9 =c(e) & 9
ot e=e, t=0 ot e=e, t=0

=¢()

111 ) String of un-stretched length ' /' if fixed at two ends at (0, 0) & (L,, L,)

i.e. for all ¢,
S0, =0 & (0, 5)=0
Sill, ) =L, &  fil =1L,

2.5. Assumptions made while forming the differential equations:

1) For the un-stretched string the mass per unit length( x ) is constant.
i1 ) The cross-sectional area(A4y) of the un-stretched string is constant.
iii)) Hook's law is valid for the material in absolute terms,

i.e. Y(young's modulus) = [7/A] / [ (/tina - linitia1)/ finitiat |

2.6. An attempt to simplify the pair of wave equations:

Equation (10) can easily be discretized and solved numerically using the appropriate boundary
conditions. However we try to further simplify the equation by making some approximations.

Approximations made in order to bring the equation (10) close to the standard wave equation:

In-stretched strng: — . . . . . .
= 1) L, << L, [ We can easily achieve it by choosing axis

suitably]
Stretched strng fixed at two ends,
brut nat deformed: 1 i1) f> << f; [We can make it possible by allowing only
______——————___—— L, small oscillations]
| L I
fig-4 iii) % << et
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Justifications behind approximations ii1) & iv) :

When L, << L,, and the oscillations are small, we can express f; & f as,
file,t)y= (L. /1)-e + A(e,t)

frle)=A,(e)

where, A; and A, are small.

A A
Hence,%z(Lr/lH6 L & % OB
e | Oe Oe Oe
And 62f1 zﬁzAl & 62f2 zam
T de? oe’ Oe’ Oe’

From the above it is trivial to conclude that,

0’ 0’
% A and —{2 X< —J:l
Oe Oe Oe Oe
With this approximation we get from equation (10) after some simplifications,
o’ f, = 9 o’ f,
=+u'A,Y|(1+p)——p |- —ZL 11a
8t2 ILIO 0 ( p) ae p 6@2 ( )
0’ f, = 9, / of | 0°f.
=+u'AY|2p=L+1-2p|1- 1) =L . =% 11b
ot P TP de | ae* (110)

3. DISCUSSIONS AND CONCLUSIONS:

1. We consider the special case when the elements of the string perform vertical oscillations (i.e.
pure transverse waves).
Hence we take f, =k-e, where k=L,//

Thus the governing wave equation becomes:

o> f : o
81‘22 =u' A Y[2pk+1-2p][1- V] 6e22

—uy AVl 2p- D= e L
X

[Since, x = k.e ]

Hence we get,
Velocity of transverse waves in the string is given by,



C? = ;" A, Y k[1+2 p(k = 1)][k - 1]

transverse

L fe2pe-1)]
U

where, 7, = tension in the undisturbed string = 4yY.(k - 1)
1 =mass per unit length of the stretched string = uy/ k

2. Now we consider the special case when the elements of the string perform horizontal
oscillations (i.e. pure longitudinal waves).

Hence we take, f; ~k. e, where k=L,/!

And, =0

Thus the governing wave equation becomes:

o f, _ o f,
?21 =+u," 4, Y[k(1+ p) - p]- aezl

. 0’
=+u,' A, Y[k(1+ p) - plk* - /

1
ox?
Hence we get,
Clingitudinal = /'10_1 AO Yk2 [k(l + p) - p]

Y
=— K*[k(1+ p) - p]
0
where, p, = 1, /A, = density of the material of the string in it’s un-stretched condition.

With £ = 1, the values for velocities match exactly with the standard ones.

3. We notice that there is a + sign in equation (10) [or (11)].

But taking the negative sign gives imaginary values of velocity of waves, provided 7, is positive.
i.e. there is tension in the string.

However for negative 7, i.e. compression, we need to take the negative sign in order to get a real
velocity of the wave.

In fact, the origin of the + sign is from the expression of T in equation (8). The two states
represent tension and compression.
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